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The results obtained in [1, 2] are complemented by an assertion on asymptotic
stability uniform with respect to  {t,, a5} , and also are extended to the
problems of asymptotic stability with respect to a part of the variables and of
optimal stabilization with respect to a part of the variables,

1. Let there be given a system of differential equations of perturbed motion

x=X(,x), X({,0=0 xR (L. 1)
whose right hand sides are continuous in domain
t>0, Ix|I<<H >0 (1.2)

and satisfy therein the uniqueness conditions for the solution, Malkin [1] showed that

if two positive-definite functions V (¢, x) and W (£, X) exist for system (1, 1),

the first of which admits of an infinitesimal upper bound and whose derivative V" (¢,
X) relative to system (1,1) satisfies the condition

Ve, x) + W (¢, Xhgmen S0 as t—> 00 (1.3)

for any two numbers A and p suchthat O <C A< p<C H, then the unperturbed
motion x == 0 isstable. Massera [2], analyzing this result, proved that when the
hypotheses of Malkin's theorem [1] are fulfilled, equiasymptotic stability (also called
{3] asymptotic stability uniform in X, ) obtains,

It is proved below that under the fulfilment of Malkin's hypotheses [1] asymptotic
stability uniform in {to, Xo} obtains; this result is then used in application to the
problem of stability relative to a part of the variables [4],

We prepresent vecotor X as

X=@ - ¥m - om) m>0,p>0, n=m+p,
and we assume that: a) in the domain
>0, | yIKH >0, llz]l<< +oo (1.4)

the right hand sides of system (1, 1) are continuousandsatisfy theuniqueness conditions
for the solution X = X(; t,, Xo) defined by the initial conditions  x (&3 £,
X,) = X,; b) the solutions of system (1.1) are z -continuable, In addition, we
assume that for any T >> 0 there exists L (') > 0 such that the condition

BXx) =X x") <L) x —x"|l (1.5)
is fulfilled in the domain O <t < T, x|I<< H

Theorem 1, Assume that functions V (¢, X) and W (¢, X} exist,
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satisfying in domain (1,4) the inequalities

alyh<VEx<<e(lyld (1.6)
Wi, x)>cllyld (L7

where @ (r), b(r) and ¢ (r) are continuous functions increasing monotonically
when r € [0, H] and vanishing when r = Q; also, let the condition

V' (2, x) + W {t, Xagi<n, o<hiice = 0 35 £ 00 (1.8)

be fulfilled for any A and p such that O <A< p < H. Then motion x = 0
is asymptotically y-stable uniformly in {t,, X,}.

Proof, 1) Letusshow that motion x == 0 is y-stable uniformly in ¢,
[1]. Let & & (0, H) be given, According to(1.8) and (1.7), for numbers A ==
b=t (a(e)) (b™! is the function inverse to b) and p==¢& wecanfind T (&) >

0 such that the inequality ¥V~ (¢, x) <C 0 is fulfilled in domain &7 (a (&) <<
Nyll<<e forall ¢ > T (g). By virtue of (1.5) the solutions depend continu-
ously on the initial conditions and, consequently [6 — 7], we can choose § (g, T
(&) =256(), 0<8(e) < b t(ale)), such from || X, || < 8, to, =10, 1)
follows || x (2; %o, Xo) || << b7t (a (g)) (and, therefore, ||y (£; 2o, Xo) || <

b t(a(e))) forall ¢ [ty, TI. Letusshowthat [y (¢ £, Xl <&
forall t > teifonly 2, > 0,|| X,|| < 8. By the choice of number § (&),
to do this it is enough to prove that from ¢o > T (&), || Yo |l << 57! (a (g)) follows
By (& to, %) || < & forall > .

Let o > T (€), |l Yoll < 071 (a (8)); then, according to(1.6), V (s, Xo) <<
b (bt (a(e))) = a(e). Letusshow that

V(i x(8 8y, X)) < a(e) forall >0 (1. 9)

We assume, to the contrary, that V (¢, x (4 t,, Xo)) < a (¢) when ¢& [ty, %), but
V (31, X {t1; 20, Xo)) = a (g}, and, consequently, V' (85, X (8 &0, Xo)) 2> 0. According
to(1.6), b (a () Iy (s to, %) [ <& andsince £ > T{e), V (&, X (8 o,
Xp)) < 0, which leads to a contradiction, On the basis of (1.6), from (1, 9) it foll-
ows that ||y (¢ 2o, Xo) || < & forail &> t,.

Note, We have in fact proved that forany & >0 wecanfind T (g) >0
such that

18 {t, X) tv((, x)—a(e) <0 for at t>T (1. 10)

2) Let us show that the motion x = 0 isuniformly y-attracting, i.e., with
a specified § (g) > 0, forany a & (0, 8) there exists 7T (o) > O such that from
to >0, || X, ]| << 8 follows ||y (& to, Xo) || << @ forall ¢ > %o -+ 7T ().
Let o € (0, 8) be given; by hypothesis (see (1.8) and (1.7)) T () > 0 exists
such that for ¢t > T (&) and b 1(a(a) <lyll<<e (a<<8(e) <b!
(a (g)) << &) we have

V(2 x) < —Yoe (b7 (a (@) (1.11)

and, consequently,
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v (t, X) 'V(t, x)=a(ct) < 0 for 1 > T ((l) (1.12)
weset t, = t,’ (@) = max {t,, T ()}, T4 (a) = (2b(e) — a (o)) /
c (b7 (a (a))). Let us show that an instant ¢, & (', o’ + 71 (@) exists
for which
V (g, X (ty; Lo, Xo)) < a (@) (1.13)

We assume to the contrary that the inequality V (¢, x (8 ), Xo)) = a (@) holds for
all te (4, ty + 7, (@) . Then on this time interval ||y (¢ to, Xo) | 2> 572 (a (@),
and, consequently, by virtue of (1.11), V' (t, X (& to, Xo)) < —oe (472 (a (@),
and from the relation

t
V (t % (5 o, %0) =V (%) + { V (&0 x B to, xo)) %
to

follows
0<a(a)<<V(ty +1i(a), X (& - T1(a); to, Xo)) =
to'4Ts (@)

VL x @it ) [ V6 X (Ei, %) dE S
1y

b (e) — Yye (671 (a (@))% (@) = Yza (@)
which is impossible, On the basis of (1. 12) we conclude from (1. 13) that V (¢, x (¢;
o, Xp)) < a(a) forall ¢>t, and, therefore, ||y (¢ ¢y, Xo) || << @ for t >
t,. Consequently, ||y (; to, Xo) || << @ forany t >, + T (@) > s, where
T (o) = T (a) + 14 (a). The theorem has been proved,

In particular, let m = n; then we have the valid

Theorem 2. Forthe asymptotic stability, uniform in {¢,, X,}, of motion
x = (0 it is sufficient, and under the condition that the right hand sides of system
(1. 1) and their partial derivatives with respect to the coordinates are continuous and
bounded in domain (1, 2) also necessary, that there exist two positive-definite functions
V(t, x) and W (¢, x), the first of which admits of an infinitesimal upper bound,
and that relation (1.3) be fulfilled forany A and p, 0 <<A < p<<H.

Proof. The sufficiency follows from Theorem 1. Let us prove the necessity,
Under the conditions imposed on the right hand sides of system (1. 1) there exists, as
Malkin showed [8, 9], a positive-definite function V (¢, X) admitting of an infinite-
simal upper bound and having a negative-definite derivative ~ V'(¢, X) . Having set
W(t,x)= —V' (¢, x), Wwe obtain two functions satisfying the hypotheses of
Theorem 2, Q. E, D.

Together with system (1, 1) we consider the " perturbed" system

x* =X (¢, x*)+R(@¢ x*), R(F0O)=0 (1. 14)
relative to which we assume the fulfilment of conditions a), b) and (1.5).

Theorem 3. Assume that a function V (¢, X) exists, satisfying inequali-
ties (1.6), whose derivative relative to system (1. 1) V* (¢, x) <C —c (|| y|[), and
that the condition
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__t"_‘f_(%;x_) R (¢, X<yie, o<ipli<o =0 as t— o0 (1. 15)
is fulfilled for any A and psuchthat 0 <R < B << H ., Then the motion
x* = 0 of system (1, 14) is asymptotically y* -stable uniformly in {t,, x,*}.

The statement follows from Theorem 1 because the derivatives of function V (¢,
X) relative to system (1, 1) and (1,4), denoted V(" (£, x) and Vi (& %)
respectively, are connected by the equality

Ve (8, %) = Vg (£, %) +

If function V (¢, X) has bounded partial derivatives @V/dx, then, obviously, con-
dition (1, 5) can be replaced by

M R(t, %)

R (¢, X)a<iyicn, ochli<co =0 25 £—> 00
2. We consider the controlled system
x'=X(t,x,u), “.ERT (2.1)

whose control performance index is understood as the condition of minimum of the
integral [10]

J={o¢xu,uprnd, 0>0
o

Controls  u (#, x), continuousin domain (1.4), for which system (2,1) with u =
u (¢, x) satisfies conditions a) and b) from Sect.1, are looked upon as admissible
controls, If a certain class K = {u (¢, x)} of admissible controls u (¢, X) has
been chosen, we speak of optimal Y -stabilization inclass K [11]; since the case
being examined class K coincides with the whole set of admissible controls, we
speak of optimal y -stabilization, omitting the words "in class K", Following[10],
we adopt the notation

BlV,t,x,u] = at — b — ax X (¢, x,u) + ot x, u)

Thzorem 4, Assume that functions V (¢, x), W (¢, X} and u° (¢, x)
exist, possessing the following properties:
forany T >0 thereexits L (T) >0 such that the condition

1X ¢t X, w0, x) =X (¢, x", 0 (¢, ) [ <L x — x|
is fulfilled in domain 0 < ¢t << T, | x| S H
9) function V (¢, x) satisfies inequalities (1,6), while W (£, X) satisfies
inequality (1.7);
3) the relation

— o (t, x,u°(t, X)) + W {, X<y, oiice = 0 38 > 00

isvalid forany A and p;, 0O <A <p<{H;
4) B[V, t x,u° (¢ x)] = 0;
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5y BiV,t,x,ul >0 forany u,
Then function u = u° (, X) solves the optimal y -stabilization problem.
Proof. By virtue of 1) — 3)the functions ¥V (¢, x) and W (Z, X) satisfy the
hypotheses of Theorem 1 for system
x = X{(t, x,u’(t, X))
and, consequently, the motion X == 0 of this system is asymptotically y-stable
uniformly in {¢,, X,}. Let u* (¢, X) be some admissible control ensuring the asympt-

otic y -stability of the motion X = 0 of system (2,1). By virtue of the second of
inequalities (1.6)

Hm V (¢, x°[f]) = lim V (¢, x*[£]) = O
froo (2]
Hence, according to {11], follows the result required,
In analogous fashion, using the results in [11] and the many well-known theorems

on asymptotic y -stability, we can obtain a number of optimal y -stabilization
criteria, just as Theorem 4 was obtained from Theorem 1,

The author thanks V. V., Rumiantsev for attention to the work,
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